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IV. On the Determination of the Terms in the Disturbing Function of the fourth order

as regards the Eccentricities and Inclinations which give rise to Secular Inequali-

ties. By J. W. Lussock, V.P. and Treas. R.S.
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HITHERTO in the theory of the secular inequalities the terms in the disturbing
function of the fourth order as regards the inclinations have been neglected. As the
magnitude of these terms depends, in great measure, upon certain numerical co-
efficients, it is impossible to form any precise notion & priori with respect to their
amount, and as to the error which may arise from neglecting them. I have therefore
thought it desirable to ascertain their analytical expressions; and the details of this
calculation form the subject of this paper. Some of the secular inequalities which
result from these terms are far within the limits of accuracy which Larrace appears
to have contemplated in the third volume of the Mécanique Céleste.

The method which I have here adopted for developing the disturbing function rests
upon principles which I have already explained *. Very little trouble is requisite to
obtain certain analytical expressions for the terms upon which the secular inequalities
depend, or for any others, in the development of the disturbing function ; but it is not
so easy to put these expressions in the simplest form of which they are susceptible ;
and this is a point to which I think hitherto sufficient attention has not been paid.
It will be found that I have obtained, finally, expressions of very remarkable sim-
plicity : to accomplish this, however, I have been obliged to go through tedious pro-
cesses of reduction, the details of which are here subjoined, in order that my results
may be verified or corrected without difficulty. In order to give an additional example
of the great facility with which terms in the disturbing function are arrived at by my
method, I have calculated one of those given by Professor Airy, and which is required
in the determination of his inequality of Venus; and I have arrived at the result which
he has given. The same method, with certain modifications, is applicable to the de-
velopment of the disturbing function in terms of the true longitudes. The terms in
the disturbing function which give rise to the secular inequalities of the elliptic con-
stants, when the terms of the order of the fourth powers of the eccentricities and
inclinations are retained, and higher powers of those quantities are neglected, are as
follows : and I propose, as they form, in fact, a system apart, to distinguish them by
the indices given in the left-hand column.

* Philosophical Transactions, 1832, Part II.
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The method which I propose to employ in order to arrive at the terms in the
disturbing function, independent of the inclinations, is sufficiently explained in the

Philosophical Transactions. The following are the equations employed :
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Calculation of the Term in the non-periodical Portion of R multiplied by e*.
If R', denote the term in the coefficient of cos £ multiplied by 3,
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If R", denote the term in the non-periodical portion of the disturbing function
multiplied by e,
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Putting for b;,, b, their values in series, the first term is
15 a®
T 3eae®
This result agrees with what I have before arrived at in the Lunar theory. I have

neglected no similar opportunity of verifying the terms in the disturbing function
given in this paper; these opportunities are however but few, as the terms multiplied

by 72 may be dispensed with in the lunar theory.

Calculation of the Term in the non-periodical Portion of the disturbing Function mul-
tiplied by €2 e?.

If R, now denote the term in the coeflicient of cos £ multiplied by e e?,
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Hence the disturbing function contains the term
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Calculation of the Term in the non-periodical Portion of R multiplied by ep.

If R'; denote the term in the coefficient of cos £ multiplied by e,
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In the preceding instance, and in the case of terms depending either upon et or e
dR dR
solely, the term in the disturbing function can only be obtained from - or 57 but

in obtaining those which depend both upon e and e, they may be obtained mdlﬂ'er—
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Calculation of the Coefficient of € e cos (v — & 4 £) in the Development of R.

If Ry denote that part of the coefficient of cos (= — 2 £) which is multiplied by e?
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I have found that the disturbing function contains the term
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As T have given elsewhere the details of the calculation of this term, it is unneces-
sary to repeat them here.
In order to obtain the terms depending partly upon 92, v2, &c., from the same
equation, the following transformations are necessary :
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tions, it is sufficient to take
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dR dR dr dR dA
As before, o =77 3o T TR T
but in this form of development’

dR dR dR dR

dR
df +d,, In=—d T o

Calculation of the Term in R multiplied by €.

a
R = — R, = — b
2 da 0 8ap 731

a 3a® fa 1 1 ‘
Ry = — 8a? b3y + X (‘[{I' b5, — ) b5 — ) 55,2)

3a? 3 &8 3 a° 3
—-i()Ta 50+16a~" 02+3a4 5,1 Wj‘,}?@,o“ﬁ;}}?@,z

a
= - 8a? bs,o"l' Sat by,

If the term in R, multiplied by e? o2 be called R,

p __ad R, ad R,
2R0—' 2da + 2da
3 a? 3 af 3a? 9 a®

= 164 65:0 ~ 16af 65,1 + 8af 750 1(‘(1“b"l

15 (a® /a at sa
1o o (i bra =) = 55 (i oa = o 672)}
9a? 3a® 15 a3 g+a, a at at o,
=155 050 — Ta1 01 — 163~ a3l ar - b = g bro = b)) Fgplio— Sarbra )
9a? 343 15 a3 3a®

16a3b50 4a,"b +16a4b51 l()a“bﬂl

9 a? b
= 1647 V50
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Hence R contains the term 555 9 b5 0 € (y2 4+ 7?2). Putting for b; , its value in series

according to powers of -g—, neglecting v2, 1 find for the lunar theory 11(?; i €2 o2,
[ l

which agrees with the result I have arrived at elsewhere by other methods.

Calculation of the Term in Ry multiplied by e? o
adR
1{5 = - 'JVIO RO 8 az 63,1

a 3“2 a 1 L
R =-"50b, — o0 (*— bip— g bso—3 bﬁﬂ)

4a? "3 8 a’ \q, 2

)

a 3 a? BaQ 3 ad 3a® 3 a?

= 4a,2b3,1 - sale.l + 16a2b50 1671;517 8a4b51 + l()a bao+ l()asbﬁ,

3a 3ad
=3 a? b3,1 + 8 ap b5,o - 8a4 b;,l
If R") denote the term in R, multiplied ¢?2 ¢ 2,

adR, adR,
2da, ~ 2dgq

QRHO —_

a 3 a? 3 9 a® 3a’
= = T6ap 081~ T6ap b0 T Toap O + saﬂb"'l + 16a7 b0 — Tap b

3a® [a 1 1 15 a® 3ad
~ 16a} (E,“ bsy— g b0 — 7 b,%) + 16a} b5y = 16 af bs,

9 a?®
16 a? 750"

Hence R contains the term A

32(13 broe (v*+ 7?2), or in the lunar theory T lJe 2

Calculation of the Term in Ry; or (R,) multiplied by 2.

adR a
Ry = - '?j’a“al - R R, = Ba? (bz,o + b3,2)

a a 1 1

a 3a°
Ry = — 16 a? (D30 + b3 + 16 a? {7{‘ bso — b5y + o by — ) b1 — 3 bs,:;}

a
m (bs,o + bz,z

_ 3a (a* +a, a a 3ad 3a?
~ T 16 aﬁ( bs0 27{ bﬁ,l) - 16a9b3:2 + 16 aft bsy — 16a3b51

3a? 3a® 3a? 3a®
+ 16 af bsp — 32a}? b5y — 82a3b53 52a3b51 + 32u3b5"‘

a a
~ Teap sz~ Tm bso + Tgga s,
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If the term in R;; multiplied by 92 be called R",;,

" a,;d R,
Ry = — 2da, — R

a 3a 3a® @ [a
="'1'6_a"2b32 16a9b50+8a4b52+32 ’a‘«‘*(EbZO‘"bZl)

at 1 3a 3a®
T o \q b72 7 b b73 }+16a2b32+16a9b0a0 T6ap V52
3a® a® /a® + af a
— 16a} 52 + 32 ~ ap (“‘a"li— b7,1 “q b7,0 T a, b7,2)

Q 4 4
-+ a/ a a
“/4 aﬁ b72 I b71 a, b7,3) + 2 ap b7,1 — 9 ap b7,3) }

3a® 15 &? 15 a® 3ad
- 16a4b52 32 aB by — 32a"‘b52+ R‘T,*bé,z

_ 15 a® 3a®
- 32a3b51 3Za2b52

Therefore R contains the term

15 a? 3a®
m,{ 32 aja 55,1 324} b5,2} ee (Y24 v? cos (r — £ + £).

Calculation of Ry, or the Coefficient of cos (v + & + & — 2 #), in the Development of R.

Distinguishing at present the argument = 4 £ — 2 5 by the index 7, and the argu-
ment 7 — 25 by the index 1,

R7=—aé((1121—1{1 R1="‘8_a(zéb3,o
R, = — Sazbso'l‘l(,a ( bs,0 b5,1) +§%}bs,o=%%@bs,o-i%g:?bs,1
Ry = — and? - R
= 392(54 bso + 16ad bsl + 5 32 = - b7,1)
—(%;(%57,1 - boo+ b72>} 13(‘:,34550"‘ 1?;(53501

15 a® a* +d
32(&4 50+32{ ( . b70+2 b71)—2a4b/0+2a4b72}+8adb

15a3 15 @® 3a® 9 af
— 32af bso + 32a4b50+ 32a3b51 + Sa"*b’,l - 32a_,3b5,1°

. 9 m,
Hence R contains the termv3—2m£3— bsyeeyicos (v £+ & — 27).
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Calculation of R, or the Coefficient of cos (v — £ — &, -+ 2 1)), in the Development of R.

Distinguishing at present the argument # — £ 4 27, by the index 3, and + 4 27,
by the index 1,

ad R a

R3=_ﬂjz‘—‘R1 R1="ﬂl‘nb~3,o
R, = ]5%1‘2 53,0 - T?,‘g;é (-S; by — bs,l) + ’é‘%‘le‘ by

= i%%‘é bsy — 1?2)62 i b5 ’136(%3 b5y
R,=—450— R,

=]%‘253,o 334 :)0+ %{; - ga ( b b5,1)

15a® 3a® 3as aa2
+32a 0*32a,3b511 1002b50+16a4 50 = 1()a bﬂ:

9a®
- 32 a' b 5,1
2
Hence R contains the term JSQ a‘i bsyee y2cos (v —&—§ 4 27).
Calculation of R, or the Coefficient of cos (¢ — & — n - n,), in the Development of R.
Distinguishing the argument » — », — £ by the index 3, and 7 — #, by the index 1
adR,

a

Ry = T 2dag — R, R, = — daf b:s,o
a,d R, = 9
RV'— T 2dag —R3 T 10af l’5,1

‘ . 9m, a® ,
Hence R contains the term _13‘6,_‘ bsyee vy cos (E—E—n-42).

Calculation of R, or the Coefficient of cos (¢ 4 & — 7 — 1)), in the Development of R.
Distinguishing the argument » 4 7, — £ by the index 3, and » 4 #, by the index 1,

ad R,
R:}z—m“;"’Rl I{l——- 4(12 br)’o
_ adR, . 9e
Ry =— 2da, — Ry = — 16 a} bs,l'
inon T . 9 m,a* _
Hence R contains the term — T6ar bsycos (54 & —n—n).

Calculation of R, or the Coefficient of cos (2 7 4 2 £, — 2 »), in the Development of R.

Distinguishing the argument 2 # — 2 -4 £ by the index 7, and 2 7 — 2 7 by the
index 1, ,
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a,d R, . a
R = — Qda,_'2Rl Rl—_ﬁafb“
1 b a
="‘3aeb31+16” 551 gb - 2 Use +21_a}bl
3 a? 3a®
= 8 1t 10a4 bsy — 33 a? bso — 32 a? b2
3(:9 3a? 3 3a® 3a®
= 164 bso — 16 16a} by + 16 by — 33 a? bso — 32 ap by
3 a? 9 a*
= 32a3 50+10a4b1 32a3b52
3 a?
= 16 ap in the lunar theory.
c wdB, o p  3adR_ 5
2Ru=—%3q, 28— g~z
R, 3 _ 3 a? 3ad 9« 9a* ,
T T T 4 M T T 64a b5,0 — 32ap 01 + 04(13[)52 + 04a*’b50 T 64a} bs,z2
_ 3@ b 8 &
T 3242750 T 324t
5 8 a? 15 a2 15 a?
—2R7—'Q—R1= 1()a3b50 6u4 551+16a9b52+oga3[’50 Oga3672
9 a? 3 a?
= 32 ap b5,0 - 16 a" b ﬁéaf" b5,2
3ad (
2Ry, = 32 ct3b50 + 5 8 af b51 + 3‘2 a, b7° b7>1 ap b“ 2 672 }
3ad 3a?
+ 32 a3b50 8at bsi + 39 32 a s 050
3 a? ad (az_'_ale a a ) at at
=324} by, + 30 at af bry — a, by — @ br2) + 2ap b — 2ap 177,2}
3 a? 15 a®

= 32(13[)5”’ - "’u“bf’l + 3‘2(14551

3a®
= 8(&4 51+3Qa3b52

. . 343 3 a®
Hence R contains the term e, { ~ 6l bs, + 6iap b5,2} ely?cos (27 4- 22 —27).

Calculation of Ry, or the Coefficient of cos (2 £ — 2 1), in the Development of R.

Distinguishing the argument £ — 2 # by the index 65, and the argument 2 4 by the
index 62,

ad R, a
Ry=— 3534 — 2 Ry, Ry = — 8a} 113,1
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. a A3 @ (a 1 1 a
Rey = 1533 by — 153 (- bsn = 3 b — 7’5,2) + Ta a,@ bay

3 a? 3 a?
= 32ap b5:0 - 32ap b5, lba‘*b” + °2a3 650 + 32a3 b” + 1. 4a9 b 3,1

a 3 3 a®
= 4a? by + 15 ap bs0 — 16 ap b5,

2
= —9—9—5 in the lunar theory.

8
) ad R 3adR;, 5
2Ry = — 2da — 2 Rg; — 4da-—_‘ZR62
3a? 9 a® 9 a®
= T 16 ap 50+32a4b”1+32(1“b0_w'65’1

a 3a® (a 1 1
~ war b+ e (o b — b0 — bes)

] (o= ) = (G o = 2 b= ) §

3 a3 a 5a
8a3b50+ 8a4b51 Qag b3»1+ 16 af b3»1

15 a® 15 a? 15 a® 3a®
= = 3gap 0 — 5349050 T 3345052t 4a4b51

15 a’d a+a, a at
+ 33 —;IE( af 571*357,0"77)7,2 +oar bro — Qa5b72}

15 2 a? 3 a’ 15 a3 3a
=_10a3 50+ 20&3 52+4a4b:1~ 2a4b°1+32a b,
15 a® a? 3 a?
= 10a3b00+8a4b51+32a3b = SaQ b51+32a3b”2
15402 .
= — % —— in the lunar theory.

8a,

. 3 3 a®
Hence R contains the term { — 17)% bs1 + gt;*lg bso c€2y?cos (28— 29).

Calculation of R, or the Coefficient of cos (2 — 2& 4 21), in the Development of R.

Distinguishing the argument 2 7 — & 4 2 5 by the index 3, and 2 = 4 2 #, by the
index 1,

a
8 alg b3:l

3a® (a 1 1 a
Ry = lba"b 17 lﬁa,s(a_,b5:1'——2_65,0_—2—65’2)_'_411,2 b,

* Ry (or R,;;)) = — ;—gaiz, this agrees with the result I arrived at formerly, since confirmed by M. Porsson.
1

MDCCCXXXYV, L
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= 3‘32‘623 5,0 ;T‘Z:fibs,z - i%%;bs,I + g?g%%bs,o + %55,2 + 4*%"553,1
= Z%F by, + ‘53@%} bsg — 3%%65,2
2R, = —-%%—21{3"%%%%—%1{1
-—7:‘133—%31= —?3'%?[’3,1 —5%‘%55,0-!- é%%bs,l +§:2)%;9b3,1
= —5%1?53,1 - '3372%355,0 + ;—2%55,1
—2R3"‘2‘R1= —%55,04‘%[’@1—?%bz,l‘l'%%?bs,l
= 'g_;l;s b5,o + 53%5 b5,1 - Ig—a‘{f [73,1
2R, = — 55%1—[9 by1 + %%55,3 +§2-‘Z}b5,1 + g%%zﬁ (% bsy — _;‘bs,o - %b.a,z)
+ ivg{f; <%: by — b7,1) - Z_; (ai, by — ’;‘ by — ';“ 177,2)}

S a® b 3 a3 b 3a
~ §ap 50 + 8af 51 7 1642 731

7a 39 a2 3a 3a
= T 32a} byy — 64 ap bso + daf b5y — 64a? bs,2
15 a® (a®+af @ a ) at o
t352) 4 < a7 bin— 2 bro— 3 bra) + gap bro — o b;
210 210 39 a® 3a® Sa 15 a® 3a®
"""" bs 55 aals

=—Gaap P50 T 6143 V52— 6aap U0 T Ta7 V51 — Gaap b 594

3a 3a?
T 8a? bs1 + 5 ap by o

. 3a 3 a?
Hence R contains the term { — T%‘é? 65,’1 + 3—2%7, 65,2 e2y2cos (27— 285+ 27).
Calculation of R, or the Coefficient of cos (2§ — 2 1), in the Development of R.

Distinguishing the argument 2 » — & by the index 65, and the argument 2 5 by
the index 62,

— a‘dRGQ — a
R65"'_ Qdal—2R62 R62—_8a19b3,1
a 3a® (a 1 1 o
Ry = — Ba} 63,1 + 15ap (7;1 b5,1 —Y 55,0 - 65,2) + da? 63,1

3a 3 a? 3 a®
— 106a? 63,1 ~ 16a} 65,0 + 16 o b5,1
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Sa,dRg, 5

y o= . Y8 Ty 5
2R, = =334 — 2 Bs— 4da, — 2 B
S3a 9 a? 9a¢® (a 1 1
= 16 a963,1 32 a,3 50 + 8&4 b 5,1 - 3%&,3 (E 6531 - 5_65’0 - 5‘65’2

15 a3 3a 3a® 3a
—* 5541 051+ 354 3r>a4 By Tar Us1 T 557 U50 — 543 by — 164 U

+3Qal ( b51 2 b5,o 552)"‘ 1()“2531

3 a? a 3 a®
= 32 32ap b50 16 a? al b3:1 ~ 8af b571

3a® a?
8(14 b51 + 92a3b

Hence R contains the term { 10a4 by, + = 04a3 652}3,2 y2cos (2§ — 27).

Calculation of the Term in R, multiplied by €.

75

Distinguishing the argument # — 5 - 7, by the index 1, # — # 4 7, — & by the index 3,

and # — 7 -+ 2,4+ £ by the index 4,

ad R ad R
R=-Gg Re=-SEsR R=-i

a 3a¢* [a 1 1
Ry = 8a? bs) — 8ap <_a"‘ b, — ) bs0 — ) bs 2

3a? 3 a? 3a® 3 a? 3 a®
= 16a7 bso — 16 a? bss — 3 at bsy + i6ap bso + 16 a? b5

3 a® 3ad
=3 5 b50 — 7 b5,
[ > 8a, >

2R _adR, adRy adRBR,  adR, adR;
xt — 2da  2dae = 2de — ~ 2de = da

ll

T aap
a 8a® (a 1 1
—ga7 bt 8aj (?Z by =g bo—7 55,2)
15 ad a2+al a a at
= 4adb50+3a4b51+ { by — Iz_,b7,0"'7,67,2 +2“"‘ala

Sa 3 a? 3 a? 3 a®
T 164a? bso + 167,5 bsz+ 5 at bs, — 16 2 b — 16a? b5,

Sa? ¢ 15 a3 3a?
= daf 75 ; b» Bat b51+8a4b51 lb'a,3b5:°

* For certain reductions which occur here, see the calculation of Rvm.

L2

3a? 15 at (o i
b50+8a4b51+ { (a‘ "'b7,1)—a_lb(—a;b7,l__g—b7,0

~3h)

a4
by — 2ar Isbm }
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Sa 3a 3 a? 3a®
+ 16 o} 65,2 + 8 at b5:1 T 16 b5,0 T 16a? 65,2

_ _ 9
T~ T 8a3 "

. 9a®
Therefore R contains the term — %%73 bsoe®yy cos (v —n+ 7).

Calculation of the Term in R_, multiplied by e2.

Distinguishing the argument + — 7 4 £ by the index 1, theargument v — 7 47, — £,
by the index 6, and # — 7 4 7, 4 £, by the index 7,

. aqdR _ adRB . a
Ry = — 2da Ry = — 2da, = R, R, = —4a,‘~’b3,1

a 3a® (a 1 1
Ry = — Ta; 53,1 + Sap (E,— 55,1 -9 175,0 — 9 bs,z)

3 a? Sa 3a 3 a? 3 a® a
T 164} b5,0 + 16 o b5»2 + 8 at b5,1 T 16 a? b5;0 - 173:173 b5:2 T 8a? b3»1

a g Sagb 3a°
T 8af 3,17 8aj 5’0+8“14 5,1

_dR @dBy «dR, odR  oqdBR

2Rxx"‘2da,_ 2da, ~ 2da, — 2da, dg,
2R = — —g—%; b5 + %‘Z_ﬁb5,1 - 4__3? bs
(S ) (a0
—_ ;;)_Zf; b + g-g; by — gg;— b5 + g—g bso — Isi;; b;, + gt%z‘ b5, + g?)‘(z; b5,
3 a® 34 3a? 8a? 3a? 3 a?

3a
— 16ap %50 = Teap U2 T 847 050 — 87 52— B Us1 T Tgap b0 T Tgap bse

9 a?
— S— 8 a’3 5,0 .

. 9 a?
Therefore R contains the term — E.—‘;—s b5 €2y 7,€08 (+ — 7+ 7).

Calculation of Ry, or the Coefficient of cos (v — 2& + #n -+ #,) in the Development of R.
Distinguishing the argument + 4 4 4+ 7, — £ by the index 3, and = 4 4 4 », by the
index 1,

a
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ad R, 3 ad R, 5
2R =—%qc — 2B -3 7 R

It is evident from the calculation of R, that R contains the term
3a 9
8a9 b51 32a3b72 8Y71008(7“2%+77+77,)-

It is evident similarly, and from the calculation of Ry, that R contains the term

3a®
{Wbil 32a5b }3,2771008(7-1—25/_,7_{_”’).

Calculation of Ry, or the Coefficient of cos (27 — £+ & — 74 1).

Distinguishing the argument 2+ — 47,4 & by the index 7, and the argument
27 — 9+ 7, by the index 1,

@ d R, _ a
Br=—"%dq — B RBy=— qgp b
1 a
R7= b32+ 8a3 ( bsp — 55,1“ ) bss) 4 1af by,
a 3ad 3a®
= a7 D32~ Tgaibs2 T 1548 bse
ad R,
Ryy=—%qa — &
_ a 9 a® 1 1
— T 8af b3,2 - 1(,a4b52+ ga ,3 ( b;z —2“175,1 - ‘Q”bs,3>
15 (a* e lb 15 a® @, 'lb 1
+ 16 6715(7;1 2= g — 5 7,3)-(7,4(;7 73 =3 7,2—7557,4)
a 3a® 3 a?
+4~a,'2 63,2 8a} b52+8a3 bss

21da 15 a®
=~ T6ap 552 T B b5°+8a9b~‘

)

a? + ap a @ ad a? at
{ ( b7 2 b7,1 - Zb7’3) — 5;1‘257,24‘ 5};74177,4 + 5‘1375177,1 2a} ab7 3 }

21 a8 15 a® 15 a® 9 a? 3 a3
16a* 52+8a3 03+32a3b51 ‘32a3b55+16a*br lbcﬁb”+8a4bd2

9 a® 33a?
32a*b51 + 320&31)5g
Therefore R contains the term

9 a? 33 a®
{32‘231)51 + 32a3b53 eeyy,cos(2r —E4§ —n-+t17)



78 MR. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OF Z&.

R = *terms independent of the quantities b

— %{ —‘;—bw + by, cos 7+ by ,cos 27 +, &c.}
aQ

{7 Ly i+ B +67,}cosr+ (1= %) (cosr—21)
Y’ (1-——~)cos(¢+277,)+7 cos (v — 274 27)

3 2 2
+1’—§’i‘<1——5 7’ cos (7 — ”1)_77/(1_1’_ %)cos(”+”')}

3a®
Y

{(7 + Y ) cos 7 — 5 cos (v —27) —"“00“ (r+27)—ry,cos(n—1) +77/COS(’7+’71)}

g { byo + by, cos7 + by, cos27 +, &e. }

{—;— bso 4+ b5, cos7 4 by, co82 7 +, &c.}

{(7 +7')cos¢—-—~cos(fr—"n)— cos('r+2n,)—77,COS(n—n,)+7'y,cos(n+n,)}
—{ +72X 17 4 cos2ay +{—%—Z—}}{COS(27—277)+cos2n}
+{—7—’{j—-%§}{cos(2¢+2n,)—|-005277,}

+{_732’ 77’}{cos(7+77~—’7,)+COS(T—77+77,)}
_|_7yl{1’2-2—+"f—2—’2}{cos(r+n+-m)+COS(¢—77—77,)}
+7f1+cos(2«.~—2n)}+"  {cos (27 — 274 21) + cos (271 — 21)}

+ L2 feos (v — = 1) + cos (v — 87+ 7))
VSY'{COS(T—n+n,)+COS(T-—3n 77,)}-1—25{1-!—008(27—277,)}

+ L1 {oos (v — 14 1) + cos (7 — 74 37)} + L2 {1 + cos (27— 21)}

}+7i27ff{1 +cos(27427)}.

_ vy’
2

* Tt is useless to consider these terms, because as R contains no term multiplied by ;;%, if the other part is
]

found to contain any term multiplied by % it must be neglected, that is to say, got rid of by adding a simi-
4

lar term independent of the quantities 4, and with a contrary sign.
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In order to obtain the term in R depending upon o4, 9%, y? and ¢4, it is sufficient to
take ‘

R=%§—{—;—63,0+b3’lcosr+b3’200527+,&c.}
{—(-2—72+Z¥+%7,“)COSf+W,(72+7F)COS(H—77,)
77’ cos(r—2n+2nl)+,&c}
%%’lgf{ ?12_ b5+ b5 cos7 4 b;, cos2 7+, &e. }
{(Z;-I—'g'—g Cos 7 — %005(7—2;1)-— cos(r+2n,)
—77,008(n—n,)+77,COS(n+n,)}2
= m‘{ 630+63ICOST+63200827+,&C}
{— (F A +TE+ 5 ) cosr 99,02+ 72) cos (1= )
—chos(r—2n+2ni)+,&c.}
— S—Bm—;;i {—é— bso =+ by cos 7 4 by,cos 27+, &c.}
{7+ 204 Y TG 4 ) cos (e n— 1) = (P ) cos(r — 1)
+(1;+f4l’g+ )cosr+—fy 7,200s(271——2n,)+i%zcos(27—2n-|-2n,)}
={- &fsbsoni‘fsbm a0 — gy bsa 7
+{ 64a3 5o+54a ba,z—%%sb éiz3b52}7 72
+{ 6ia 50+6%1(;3” 6%%1’5,0 64a3”52
+ {332(;3 — 39 a3b52 + 5}32_?;3[’5,0 + 3—2%?5175,2} vy, (> 4+ v cos (r — 1+ 1)
+{ 64a3b50+64a“b oi‘fzsbso 04a3b52}7 fcos (27 — 27+ 27)
={ 100(223 50+52a3b52}7 +{_3—QT3 5,0 I%‘Eﬁbs,z}ﬂ’z%z
+{ 10a3b50+‘32a3b52}71 +16a355077,('}’2+%2)00S(T—’7+n,)

-—be,,o'}/z'}/,ZCOS(QT— 277+2771)-
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In order to give another example of the employment of this method, I propose to
calculate the coefficient of

eytcos (137 — & — 47),
the argument of which occurs in Professor Airy’s inequality of Venus, n¢ and =, ¢
being the mean motions of that planet and of the earth.
It is easily seen from the preceding pages that R contains the term
3 a
If the coefficient of % cos (137 — 47) be denoted by R,
eytcos(137 —%—49) . . . Ry

ad R,
2da

I

3 a? 502 (a 1 1 C9a?
— 128 { - ;;%65,11 + _dF (;7 67,11 ) 57,10 - 9 57,12) - 7;’3‘ 65,11 }

3 (10a® 5¢& (a 1 1
= 128 { “af 65,11 — at (EI‘ 67,11 —-) 57,10 ) 57,12) }

And R contains the term

3 10a? 5@ (a 1 1
128 ) of sl T gf (E b7,11 Y b7,10 — 2 b7,12 ) } eyt

Professor Airy has
27 3 11
{g (0,0) + & (0,1)} e prx
2
In Professor Airy’s notation

ap 7511 g da

. . A 11 2 11 2 a? 2
f = Sln_;_ f4 = '{‘6 (O:O) C = Z_{sb:)Q (O,l) C5 - @ br —_ i -—-——-——md b5’”
) ? 2

[

2
and substituting my notation in Professor Airy’s expression, that which I have found
results.

The method I have given of developing the disturbing function in terms of the
mean longitudes may also be employed with advantage in procuring the development
in terms of the true longitudes. In this problem

dR rdRdr ad Rdr

o—

de = drrde — darde

dr  d.log.7
rde — de

log. r= log.a + log. (1 — €2) — log. (1 4+ ecos (A — )

4 EQ

= log.a — e* — —‘;—-—ecos(?\—w)—l—g‘g{l+2008.(27\-—2za)}

* See p. 89 of Professor A1ry’s paper.
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~

—;.34 {3cos A — ») +cos(3x—3w)}

+4 5 {3+cos(27\-2w) —|—cos(47\—4w)}

36‘

= log.a — —%ée4~e(l + ?) cos(x-—w)+z(l +§)cos(27x—2w)
- ]i;cos(37\—3m)+§;zcos(47\—4m)

3 ‘ 2
H, == —ée‘”ﬂ-—e(l +Ze‘3)cos(7\—w)+%(l+eZ)cos(27\—-2w)

2

&
— 2 cos (31— 3a) + 5 cos (4% — 4 m).

It follows from the analysis of M. Poisson, in his Mémoire sur le Mouvement de
la Lune autour de la Terre, that the coeflicient of cos (2% — 2w)) in the development

of the quantity
r?r? R

a@ap, [T — &\ J1—¢
according to the ¢rue longitudes, is the same as that of cos (2@ — 2 =) in the develop-
ment of R according to the mean longitudes.

2p
- ag\/l_eé\/l = be called @Q,
dQ__aerdr aQ a,dQ rdr,
de = da de de, = “da, de-
i ] i

By means of these equations, and after reductions similar to those of which so
many examples have been given in the course of this paper, I find the coefficient of

cos(2A—22) . . . . . . In@Q . . . . .. =—a2azb1v2
a3
e,cos(2h— 204+ A —w) . . . . . . L . .. = Qab“+" by o
as
eecos(2h—2N—r+am+N—w) . . . . . . . =—74—I)3’2
15 a* 9at

eetcos 2r—2N— A+ 420 —27) . . . = ~ %a 50+ 16 51+320 5.9

. ) Q(L4
e2e2cos (2h—21,—27+2w+42) —2w) or ?e’cos (2w —2m) = — 64 a2 b;o
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